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Abstract

In this paper, we propose a new variational framework
for computing continuous curve skeletons from discrete ob-
jects that are suitable for structural shape representation.
We have derived a new energy function, which is propor-
tional to some medialness function, such that the minimum
cost path between any two medial voxels in the shape is
a curve skeleton. We have employed two different medial-
ness functions; the Euclidean distance field and a variant of
the magnitude of the gradient vector flow (GVF), resulting
in two different energy functions. The first energy controls
the identification of the shape topological nodes from which
curve skeletons start, while the second one controls the ex-
traction of curve skeletons. The accuracy and robustness of
the proposed framework are validated both quantitatively
and qualitatively against competing techniques as well as
several 3D shapes of different complexity.

1. Introduction

One of the major goals of computer vision and machine
intelligence is the research and development of flexible and
efficient methods for shape representation. An important
approach for representing the structure of a shape, is to re-
duce it to a graph. This reduction may be accomplished
by obtaining its skeleton. A skeleton is a compact repre-
sentation of a shape that maintains its topology. While the
skeleton of a 2D shape is a set centerlines, the skeleton of
a 3D object is a set of medial surfaces. Reducing the di-
mensionality of the skeleton describing general shapes from
medial surfaces to a set of medial curves (i.e., curve skele-
tons) is of importance in a wide range of applications such
as shape matching and retrieval [4], virtual endoscopy [8],
character animation and morphing [16], and medical image
analysis [13]. Curve skeletons are a set of one-dimensional
curves that are locally symmetric with respect to the shape
boundary. In Figure 1, we show the difference between me-
dial surfaces and curve skeletons of an object. Existing
curve skeleton techniques techniques from volumetric ob-
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Figure 1. Different types of skeletonization.

jects e.g., [12, 3, 18, 15, 8, 10, 6, 7, 14] suffer from at least
one of the following limitations: curve skeletons are ex-
tracted from medial surfaces by different pruning methods.
Therefore, the accuracy of the former is a function of the
extraction of the later, require manual interaction to select
the starting point of each curve skeleton, computationally
expensive, apply for a specific category of 3D objects, and
hence less general, require locating and classifying skeletal
junction nodes, which is not a trivial task in order to guide
the extraction process, and hence less robust, and finally are
sensitive to boundary noise.

In [10], we have presented a robust framework for com-
puting centerlines of arbitrary 2D shapes and 3D tubular
volumetric objects using a wave propagation technique, that
resembles the one presented in this paper. The main limita-
tions of [10] are: there is no theoretical justification behind
the proposed speed functions of the propagating waves to
guarantee path centeredness, the speed parameters are set
heuristically, and hence prevent the framework from au-
tomation, and finally the computed centerlines of 3D ob-
jects, whose cross sections deviate too much from the cir-
cle (e.g., 3D slab), are not guaranteed to be centered, be-
cause the employed medialness (i.e., distance field) forms
medial surfaces, and hence the computed skeletons follow
the shortest rather than the centered paths.

This paper addresses the aforementioned shortcomings
and proposes an automatic, sub-voxel accurate, and ro-
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Figure 2. (a) The dark line is a curve skeleton, while the dotted
lines represent 3D wave fronts. Lattice voxels are represented by
solid spheres.

bust variational framework for computing continuous curve
skeletons from discrete objects.

2. Methods

Consider the variational minimum-cost path problem that
finds the path γ(s) : [0,∞) −→ R

n that minimizes the cu-
mulative travel cost from a starting point A to some destina-
tion B in R

n. If the cost u is only a function of the location
x in the given domain, then u is called isotropic, and the
minimum cumulative cost at x is defined as

T (x) = min
γAx

∫ x

A

u(γ(s))ds (1)

where γAx is the set of all paths linking A to x. The path
length is L and the starting and ending points are γ(0) = A
and γ(L) = x, respectively. T (x) is the minimum cost
required to travel from A to x. The path that gives minimum
integral is the minimum cost path. In geometrical optics, it
has been proven that the solution of Eq. (1) satisfies the
Eikonal equation as follows:

|∇T (x)|F (x) = 1 (2)

where T (x) is the minimum arrival time of a wave as it
crosses x and F (x) is the wave speed, which is related to
the cost u(x) by

F (x) =
1

u(x)
(3)

In this paper, a new energy function is derived such that
the minimum cost path between two medial voxels in the
object is a curve skeleton as stated in the following theorem.

2.1. Curve Skeleton Extraction (CSE) Theorem

Theorem. Let x and B ∈ Ω ⊆ R
3 be two medial voxels

with respect to some domain Ω. Let B be a point source

that transmits a monotonically advancing front in its normal
direction until x is reached. If the speed of the front is given
by,

F (x) = exp(αλ(x))

where α is a positive real number and λ(x) : Ω → R+ is
a medialness function defined over Ω. Then, the minimum
cost path between x and B is locally symmetric with respect
to Ω given that,

α >
1
δ

ln

(√
∆2x + ∆2y + ∆2z

min(∆x, ∆y, ∆z)

)
δ �= 0

∆x, ∆y, and ∆z are the grid spacing and δ is the minimum
absolute difference in medialness of two neighbor voxels.

Proof. Consider the curve skeleton of Figure 2(a) that
passes through the medial points B and x. Let Ci be a
non-medial point. Assume that B is a point source Ps

that transmits a monotonically advancing front in its nor-
mal direction. If the front reaches medial points before
non-medial ones (i.e., the front is faster at medial points),
then those points can be interpreted as the locus of the front
points of maximum positive curvatures. Since the energy
function u(x) is the reciprocal of the speed, then medial
points are assigned the minimum travel cost, and hence, the
curve skeleton between x and B is the minimal cost path.
To realize this argument, the following condition must be
satisfied,

tx
.=
E(O, x)
F (x)

< tCi

.=
E(O, Ci)
F (Ci)

(4)

where tx and tCi are the times taken by the wave to reach
x and Ci, respectively. Therefore,

E(O, x)
E(O, Ci)

<
F (x)
F (Ci)

(5)

where E(., .) is the Euclidean distance. Let the function
F (x) : Ω → R+ be given by

F (x) = g(λ(x)) (6)

where λ(x) : Ω → R+ is a medialness function that assigns
medial points higher weights than non medial ones; λ(x) >
λ(Ci). Let

λ(x) = h, λ(Ci) = h − δi (7)

where h and δi are positive real numbers and δi represents
the absolute difference in medialness between two neighbor
points. Since the ratio E(O, x)/E(O, Ci) is maximum when

E(O, x) =
√

∆2x + ∆2y + ∆2z (8)

and
E(O, Ci) = min(∆x, ∆y, ∆z) (9)



Then, in order to satisfy Eq. (5), the speed function F will
be designed such that

F (x)
F (Ci)

>

√
∆2x + ∆2y + ∆2z

min(∆x, ∆y, ∆z)
(10)

Indeed, this later inequality implies that

r
.=

√
∆2x + ∆2y + ∆2z

min(∆x, ∆y, ∆z)
<

g(h)
g(h − δi)

(11)

rg(h − δi) − g(h) < 0 (12)

Applying Taylor series expansion to g(h − δi) and substi-
tuting into Eq. (12), we get

r

(
g(h) − δi

dg(h)
dh

+ ε(δi)
)
− g(h) < 0 (13)

where

ε(δi) =
∞∑

k=2

(−1)k δk
i dkg

k! dhk
(14)

Assume for now that ε(δi) → 0 is very small such that it
can be ignored without affecting the inequality. Later, the
condition that satisfies this assumption will be derived. By
rearranging Eq. (13), where higher order terms are being
ignored,

dg(h)
g(h)

>
r − 1
rδi

dh (15)

Since δi varies from one point to another. Then, without loss
of generality fix δi over Ω to its lowest positive value such
that the inequality of Eq. (15) is satisfied.

δi = δ = min
x∈Ω,y∈ηx

{|λ(x) − λ(y)|, λ(x) �= λ(y)} (16)

where ηx is the neighborhood of x. Let

α1 =
r − 1
rδ

=
1
δ

(
1 − min(∆x, ∆y, ∆z)√

∆2x + ∆2y + ∆2z

)
> 0

(17)
By integrating both sides of Eq. (15) for a given x, we get∫ λ(x)

λmin

dg(h)
g(h)

>

∫ λ(x)

λmin

α1dh (18)

ln g(λ(x)) − ln g(λmin) > α1(λ(x) − λmin) (19)

ln F (x) > α1λ(x) − (α1λmin − ln Fmin) (20)

where λmin is the minimum medialness and Fmin =
g(λmin) is the minimum speed. Let

ζ = α1λmin − ln Fmin (21)

then,

F (x) > exp(α1λ(x)−ζ) = exp(−ζ) exp(α1λ(x)) (22)

There are infinite number of speed functions that satisfy Eq.
(22), among which the one that allows neglecting ε(δ) with-
out altering the inequality is chosen. For some α2 > 0, one
possible choice for F (x) is

F (x) = exp(α2λ(x)) exp(α1λ(x)) (23)

which requires,

exp(α2λ(x)) > exp(−ζ) (24)

α2λ(x) > ln Fmin − α1λmin (25)

By restricting the minimum value of the speed to be unity,
the equation always holds. Therefore, Eq. (23) reduces to

F (x) = exp(αλ(x)), α = α1 + α2 (26)

Any front that propagates with such a speed will be called
an α-front. Now, let’s find the condition that satisfies
ε(δ) → 0. By substituting the proposed speed function Eq.
(26) into Eq. (13) and rearrange, we get

exp(αh)(r exp(−δα) − 1) < 0 (27)

Therefore,

α >
1
δ

ln(r) =
1
δ

ln

(√
∆2x + ∆2y + ∆2z

min(∆x, ∆y, ∆z)

)
(28)

which is the necessary condition to satisfy Eq. (15).

2.2. Single Curve Skeleton Extraction

For isotropic fast marching, the fastest traveling is al-
ways along the direction perpendicular to the wave front [1].
Since the propagating fronts are level sets, then the direction
of the gradient at each medial voxel is normal to the front.
Therefore, by backtracking along the negative gradient of
T (x) a distance h starting from a medial voxel Pn, the next
voxel Pn+1 = Pn − h ∇T

|∇T | is guaranteed to be medial be-
cause it is located along the direction of fastest traveling.
This recursive process can be described by the following
ordinary differential equation (ODE).

dP (s)
ds

= − ∇T

|∇T | , P (0) = P0 (29)

2.3. Gradient Vector Flow Medialness

The GVF [17] is the vector field V (x) that minimizes
the following functional,

E(V ) =
∫ ∫ ∫

µ|∇V |2 + |∇f |2|V −∇f |2dx (30)

Where x = (x, y, z), µ is a regularization parameter, and
f(x) is an edge map derived from the imaging volume
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Figure 3. A non-convex U-shape. (a) The original magnitude of
GVF; |V (x)|. (b) The proposed medialness λ(x). (c) Points on
the right boundary of segment A induce an outward shift of the
skeletal line in segment C (and vice versa) using [6, 7]. (d) The
modified GVF vector field diffuses equally from boundary points.

I(x). For a binary volume, f(x) = −I(x). One of the
interesting properties of the |V (x)| over the Euclidean dis-
tance D(x) [18, 2, 15, 8, 10] is that it does not form me-
dial surfaces for non-tubular 3D objects because only one
boundary voxel contributes to the computation of D(x),
while more than one contextual boundary voxels contribute
to the computation of V (x) [5]. Since the GVF is moving
very slowly from the boundary of the object, where its mag-
nitude |V | is high towards the center of the object, where
its magnitude is small, |V | is not strong enough to distin-
guish medial voxels from non-medial ones as shown in Fig-
ure 3(a). Therefore, we propose the following medialness,
whose strength is controlled by the field strength q.

λ(x) = 1.0 −
( |V (x)| − min|V|

max|V| − min|V|
)q

, 0 < q < 1 (31)

The new medialness is shown in Figure 3(b). We have
slightly modified the original GVF to match our problem as
follows: f(x) = I(x) such that the vector field points to-
wards the center of the object, the computation of the GVF
is restricted to the internal voxels of the object, and hence is
computationally more efficient than the original GVF, and
finally the GVF field is not normalized to maintain the me-
dialness property, otherwise, |V (x)| is unity everywhere.
Potential field methods [6, 7] suffer from visibility errors
while computing the potential function for non-convex ob-
jects, which may result in loss of centeredness of the com-
puted skeletons as shown in Figure 3(c). Figure 3(d) shows
that the proposed GVF based medialness function does not
suffer from this problem because the GVF vector field dif-
fuses equally from the entire shape boundary.
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Figure 4. (a) A 3D slab with ground truth curve skeletons. (b) L1

error norm of multiple slabs at different scales versus q.

The value of q will be determined empirically by mini-
mizing the average error norm L1 between the ground truth
and computed curve skeletons of a 3D rectangular slab,
which is known to have medial surfaces as its skeleton
rather than a set of curve skeletons as shown in Figure 4(a).
The value of q is changed in steps. In each step, the L1 error
norm is computed. Then, the experiment is repeated several
times for several scaled versions of the same synthetic ob-
ject. Finally, the value of q that gives the minimum error is
chosen, which is found to be 0.05 as shown in Figure 4(b).

2.4. Point Source Computation

The point source Ps must belong to any curve skele-
ton of the object. Therefore, PS is selected as the voxel
with global maximum in λ(x). If there exist more than one
voxel, the one with maximum D(x) is selected.

2.5. Multiple Curve Skeleton Extraction

In order to extract the entire curve skeletons of an ob-
ject, we have to identify first its important topological nodes
from which those curves originate, and then apply the pro-
posed single curve skeleton extraction procedure of sec-
tion 2.2 in turn from each topological node until PS is
reached, or intersects a previously extracted curve skeleton
to prevent overlapped paths. Therefore, we do not have to
worry about locating and classifying skeleton junctions of
the medial axis e.g., [9, 6, 7, 14].

2.5.1 Level Set Graph (LSG)

If the object could be represented by a graph, then its im-
portant topological nodes could be identified easily. In [10],
we have proposed a technique, which identifies the salient
topological nodes of the prominent parts of an object by
converting it into a graph. The generation of the graph is
controlled by one parameter called β, whose value was set
heuristically. In this paper, we will first review that method
and then derive the value of β analytically.



(a) (b) (c)

Figure 5. The Level Set Graph (LSG). (a) β-front propagation re-
sulting in D1(x). (b) Discretization of D1(x) converts the object
into a set of clusters that are perpendicular to its curve skeletons.
(c) The LSG is represented by nodes and links.

(a) (b)

Figure 6. (a) The curve skeleton of an arbitrary shape consists of
N medial voxels. (c) The proposed framework is less sensitive to
boundary noise even for high noise profile; Nl = 100%.

Initially, the distance field D(x) is computed. Then, a
β-front is propagated from PS . The motion of the front is
governed by the Eikonal equation, whose solution is a new
distance field D1(x). The front speed is given by,

F (x) = exp(βD(x)) β > 0 (32)

Let D̂1(x) be the discretized floating distance D1(x)

D̂1(x) = round(D1(x)) (33)

D̂1 converts the object from a set of voxels to a set of clus-
ters that are perpendicular to the object curve skeletons.
Each cluster consists of connected voxels with the same D̂1

value (i.e., level set function). Figure 5 illustrates the steps
in constructing the LSG. Each cluster is represented by a
node and adjacent clusters by links. The root of the graph
is the cluster containing PS . The medial voxel of a clus-
ter is computed by searching the cluster for the voxel with
maximum λ(x). For more details about the LSG, see [10].

2.5.2 Analytical Derivation of β

Consider the shape of Figure 6(a), whose curve skeleton
consists of N points that divides its length into an N − 1

piecewise segments. The curve end points are denoted by
A and B. Let A be a point source Ps that transmits a β-
front. Let T be the total travel time from A to B along the
curve skeleton as follows

T =
N−1∑
i=1

∆ti (34)

where ∆ti is the travel time between each two consecutive
medial neighbor voxels, and is given by

∆ti =
E(xi−1, xi)

F (xi)
(35)

By restricting the value ∆ti to be greater than certain time
τ , then

τ ≤ E(xi−1, xi)
exp(βλ(xi))

(36)

β ≤ 1
λ(xi)

ln
(E(xi−1, xi)

τ

)
(37)

The worst case of the right hand side of Eq. (37) occurs
when λ(xi) = λmax and

E(xi−1, xi) = min(∆x, ∆y, ∆z) (38)

Let βc be the critical value of β, then

βc =
1

λmax
ln
(

min(∆x, ∆y, ∆z)
τ

)
, 0 < τ < 1 (39)

For unity isotropic voxels, setting τ = 1 results in βc = 0,
and hence unity speed propagation. In this case, the front
is not faster at the middle of the shape and the LSG fails to
capture its large curvature parts such as loops. if τ > 1,
β is not positive anymore. Finally, if τ = 0, the natural
logarithm is not defined. Therefore, 0 < τ < 1.

The proposed framework can be summarized as follows:
(1) construct the distance field D(x), (2) compute the point
source PS , (3) propagate a β-front from PS and solve for
D1(x), (4) discretize D1(x) to obtain D̂1(x) and then con-
struct the LSG, (5) identify major topological nodes [10],
(6) propagate an α-front from PS and solve for D2(x), and
finally (7) extract curve skeletons that originate from iden-
tified topological nodes and end with either PS or a previ-
ously extracted path.

3. Validation and Sensitivity Analysis

This section aims at studying the centeredness accuracy
and sensitivity of the extraction framework to boundary
noise. In this experiment, the sensitivity of the proposed
framework against boundary noise is studied against the
rectangular slab of Figure 4(a). Let Nl be the percentage



Table 1. L1, L∞, and σ error measures in mm of the computed
curve skeletons of a rectangular slab of size 200 × 100 × 41.

Error / Nl 0% 20% 40% 60% 80% 100%
L1 1.02 1.07 1.08 1.09 1.12 1.13
L∞ 2 2.1 2.1 2.12 2.12 2.12
σ 0.1 0.12 0.12 0.12 0.13 0.13

of the boundary voxels BV that are affected by noise. The
noise profile is generated as follows: for each boundary
voxel p ∈ BV ×Nl, a fair coin is tossed, if the outcome is a
head, p is switched to the background, otherwise, one of the
neighbor voxels of p is selected randomly and is switched
to the object foreground. By setting Nl to zero, the cen-
teredness property of the computed curve skeletons can be
studied as well. For each noise level, a quantitative analysis
was carried out by computing the average error norm L1 in
mm, maximum error L∞ in mm, and the standard deviation
σ between the ground truth and computed curve skeletons
for both noise-free and noisy slab. The quantitative results
are presented in Table 1. It is known that any perturbation of
the object boundary creates an extra undesired curve skele-
ton. Therefore, for noisy objects, large numbers of curve
skeletons are expected to be generated. According to Ta-
ble 1, for the noise-free case, both L1 and L∞ never ex-
ceeded 1.02 mm and 2.0 mm, respectively. In the presence
of severe noise levels, both L1 and L∞ never exceeded 1.13
mm and 2.12 mm (i.e., 1-2 voxels), respectively. The reason
behind having small centeredness error under severe noise
is that, the GVF is a highly smooth vector field even if the
boundary is noisy as shown in Figure 6(b). Note also that,
no extra branches are generated by noise because the LSG
captures only the shape prominent parts rather than the less
salient parts forming noise.

4. Comparative Study

This section describes a comparative study with the
state-of-the-art curve skeleton extraction techniques. Since
there is no ground truth curve skeletons of general shapes,
competing methods will be compared in terms of computa-
tional time and visual inspection. Since the proposed tech-
nique embeds a novel potential function into a wave prop-
agation framework, the comparative study will be limited
to the state-of-the-art potential-based method [7] and wave
propagation-based methods [18, 10]. We have implemented
the methods [18] and [10]. However, for [7], the imple-
mentation is available at [11] by its authors. For [7], the
optimal parameters that were recommended by the authors,
which include the field strength m = 6, the lowest 30% of
the divergence values, and charges are set at one layer from
the boundary, are employed. For some shapes (e.g., Fig-
ure 7(b,f)), the field strength has been reduced to m = 2 be-
cause the method did not produce any output . All methods
are implemented using C++ on a Linux workstation with a

2.6 Ghz AMD Opteron Processor and 8GB memory.
From the computational time point of view, [18] is the

most efficient but least accurate one. For tubular structures,
it is recommended to use [10] because it is both efficient
and highly accurate, when compared with competing meth-
ods. For general shapes, both [7] and the proposed frame-
work provides the smoothest results. While [7] works rel-
atively fast for small size objects, for large objects such as
the dragon and the colon, it takes more than an hour, which
makes it impractical in some applications. Also, because
the method extracts the core curve skeletons from the criti-
cal points of the force potential field, which is known to be a
difficult problem, mis-computation of an important critical
point may result in missing some curve skeleton branches as
shown in Figure 7(b, f, j, r). In conclusion, for non-tubular
objects, the proposed framework is the optimal choice in its
class in terms of accuracy and efficiency.

5. Results

In Figure 8, we show the computed curve skeletons by
the proposed framework for a subset of the tested objects.
Notice how the framework consistently generates robust
curve skeletons despite the complexity of the tested objects.

In these experiments, all objects have unity isotropic
voxels. The framework is automated by fixing its param-
eters at the following values: τ = 0.1, h = 0.5, and
the parameters of the GVF are set as follows: ∆t = 0.5,
µ = 0.15, and the number of iterations is k = 500. Because
the GVF field varies very slowly, then during the computa-
tion of δ, the value of λ is rounded to the first digit after the
decimal point. Therefore, in the worst case, 0.1 ≤ δ ≤ 0.9.
For all tested objects, it is found that α > 5.49. There-
fore, its value is set to 6.0. More results of other tested ob-
jects as well as qualitative comparison against other state-
of-the-art extraction techniques can be found at http:
//www.cvip.uofl.edu/˜msabry/cskel.htm.

6. Conclusion and Future Work

This paper presents a novel variational framework for
computing continuous curve skeletons from volumetric ob-
jects. Both the accuracy and robustness of the proposed
framework have been validated against competing tech-
niques as well as several 3D objects. Unlike the state-of-
the-art techniques, the proposed framework is highly robust
because it avoids locating and classifying skeleton junction
points in order to guide the extraction of curve skeletons,
employs a new medialness that does not form medial sur-
faces, is completely automated because all its parameters
are analytically derived, and finally starts curve skeletons
from those nodes that correspond to the most prominent
parts of the shape, and hence less sensitive to noise.1

1This work is under U.S. provisional patent.



(a) 3 sec. (b) 10 sec. (c) 2 sec. (d) 3.6 sec.

(e) 9 sec. (f) 82 sec. (g) 1.7 sec. (h) 0.4 sec.

(i) 13 sec. (j) 275 sec. (k) 17 sec. (l) 6 sec.

(m) 141 sec. (n) 4320 sec. (1.2 hour) (o) 55 sec. (p) 298 sec.

(q) 89 sec. (r) 4680 sec. (1.3 hour) (s) 66 sec. (t) 635 sec.

Figure 7. (First column) Proposed framework. (Second column) Cornea and Silver [7]. (Third column) Hassouna and
Farag [10]. (Fourth column) Zhou and Toga [18].



(a) (b) (c) (d) (e) (f) (g)

(h) (i) (j) (k) (l) (m)

Figure 8. Computed curve skeletons of 3D volumetric objects using the proposed framework.

We strongly believe that the running times reported in
this paper by the proposed framework could be dramati-
cally decreased, if advanced code optimization techniques
such as Intel Streaming SIMD Extensions (SSE instrcu-
tions), lookup tables, and floating point compiler optimiza-
tion, are applied, which is the future work of this paper.
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