
(876) Robust Centerline Extraction Framework Using Level Sets

Abstract

In this paper, we present a novel framework for comput-
ing object centerlines for both 2D and 3D shape analysis.
The framework works as follows: an object centerline point
is selected automatically as the point of global maximum
Euclidean distance from the boundary, and is considered a
point source (PS) that transmits a wave front that evolves
over time and traverses the object domain. The front prop-
agates at each object point with a speed that is propor-
tional to its normalized Euclidean distance from the bound-
ary. The motion of the front is governed by a nonlinear
partial differential equation whose solution is computed ef-
ficiently using level set methods. Initially, thePS transmits
a moderate speed wave to explore the object domain and
to extract its topological information such as merging and
extreme points. Then, it transmits a new front that is ex-
tremely faster at centerline points than non central ones. As
a consequence, centerlines intersect the propagating fronts
at those points of maximum positive curvature. We show
that, under this speed model, the minimum cost path be-
tween two central points is a centerline. Central paths are
computed by tracking them, starting from each topological
point until thePS is reached, by solving an ordinary dif-
ferential equation using an efficient numerical scheme. The
proposed method is computationally inexpensive, handles
efficiently objects with complex topology, and produces cen-
terlines that are centered, connected, one point thick, and
less sensitive to boundary noise. In addition, the extracted
paths form a tree graph without additional cost. We have
extensively validated the robustness of the proposed method
both quantitatively and qualitatively against several 2D and
3D shapes as well as medical datasets.

1. Introduction
A skeleton is a compact representation of a shape while
maintaining its topology. In 2D, skeletons are connected
centerlines (medial axis), while in 3D, they are centerlines
or center surfaces (medial surface). The concept of center-
line was first introduced by Blum [1] as the locus of cen-
ters of maximal disks in 2D or balls in 3D contained in the
object. Centerlines can be very useful in many 2D/3D ap-
plications, including path planning, feature tracking, fea-
ture extraction, compression, animation, disease quantifica-
tion, and virtual endoscopy. An adequate centerline must be

locally centered with respect to the object boundary, con-
nected, single path without any manifolds or self intersect,
immune to boundary noise, and invariant to 3D transforma-
tion. Also, the extraction method should be computation-
ally efficient on a cost-effective platform, handles objects
of any complexity, and requires minimal user interaction. A
large variety of methods have been proposed for extracting
centerlines, which can be classified as: 1) Ridge based and
scale space methods for intensity data, 2) Topological thin-
ning and distance transform methods for segmented data, 3)
Boundary methods for polygonal data, and 4) Hybrid meth-
ods for both types of data. We will review only recent rep-
resentative methods of each class.

Aylward and Bullitt [2] proposed a centerline tracking
approach for intensity images. The Eigen vectors of the
Hessian matrix are used to estimate the local orientation of
the vessels, and a normal plane is iteratively updated to fol-
low the vessel’s cross-section. The method generates cen-
terlines that are thin and connected without any post pro-
cessing step. However, it requires user interaction and a set
of heuristics to handle branching and end points.

Wink et al. [3] used the vesselness measure proposed
by [4] to characterize putative vessel centerline locations.
Then, they formulated the problem of finding central paths
between user selected points as a minimum cost path prob-
lem, which has been solved using wavefront propagation.

Deschamps and Cohen [5] relate the problem of finding
centerline paths to that of finding paths of minimal action in
3D intensity images, which can be found by first solving the
Eikonal equation using the fast marching method, then fol-
lowing the gradient descent between two points selected by
a user on the branch of interest. The method is fast and gen-
erates good quality centerlines but is limited to one branch
at a time. For tree structures, it generates trajectories rather
than centerlines.

Bitter et al. [6] proposed a penalized-distance algorithm
to extract a skeleton from volumetric data. A graph is first
built from a coarse approximation of a 3D skeleton. Each
edge of the graph is assigned a weight which is a function
of the Euclidean distance from a user defined source point
and from the object boundary. A centerline is then extracted
using Dijkstra’s shortest path algorithm [7]. The parameters
of the weight factor are specified heuristically for each ob-
ject preventing the algorithm from automation.

Siddiqiet al.[8] extracted centerlines by thinning the ob-
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ject medial surface based on the negative average outward
flux of the gradient field of the distance map. The algorithm
depends on the correct classification of the junction points,
which may be misclassified as surface points under certain
configurations of points leading to an error in the extraction
process.

Zhou and Toga [9] proposed a voxel coding technique, in
which each voxel is assigned two codes. One is the distance
from boundary, while the other is the distance from a user
defined point. The object is divided into a set of clusters,
where each cluster is assumed to be the object cross section,
whose center is the voxel of maximum distance from the
boundary. Centerlines are initially extracted as trajectories
then centered. The algorithm guarantees connected paths.
However, as the complexity of the object increases, the clus-
ters are no longer normal to the centerline, and hence cen-
teredness is not guaranteed.

Telea and Wijk [10] integrated the observation that cen-
terline points are generated by the collapse of compact
boundary segments [11] during the front evolution by solv-
ing the fast marching method. The resultant field is then
thresholded to obtain the desired skeleton. The method is
limited only to 2D shapes.

In this paper, we present a new level set based centerline
extraction framework. The key idea is to propagate from
a centerline point wave fronts of different speeds. The first
front propagates with a moderate speed to capture the object
structure, while the second one propagates extremely fast at
central points such that centerline points are the front points
of maximum positive curvature, which are easily identi-
fied by solving a simple ordinary differential equation. The
method is robust, computationally efficient, and produces
centerlines that are centered, connected, thin, and less sen-
sitive to noise.

2. Level Set Formulation
The level set methods have been described by Osher and
Sethian [12] to track the motion of interfaces propagating
under complex speed laws, while handling complex topol-
ogy changes such as branching and merging. Consider a
closed curveΓ propagating normal to itself with speedF .
Suppose we embed the initial position of the front as the
zero level set of a functionΦ in one higher dimension. The
level set method identifies the evolution ofΦ through the
initial value problem,

∂Φ(x, t)
∂t

+ F (x)|∇Φ(x, t)| = 0 (1)

The zero level set ofΦ at any time gives the position of the
front.

Γ(t) = {x|Φ(x, t) = 0} (2)

Now consider the special case of a front moving only in
one direction with a speedF ; then we have a monotonically

increasing front. Therefore, we can reformulate the initial
value problem given by (1) to the boundary value problem
defined by the nonlinear Eikonal equation.

|∇T (x)|F (x) = 1.0 (3)

T (x) is the time at which the front crosses the pointx. The
interface at any timet satisfies the following equation,

Γ(t) = {x|T (x) = t} (4)

Fast marching methods(FMM) [13] are computational
techniques that approximate the solution of (3). The idea
of the algorithm is to introduce an order in the selection of
the grid points based on the fact that the arrival timeT (x)
at any grid point depends on the neighbors with smaller val-
ues. In this paper, we will employ thehigher-accuracy fast
marching methods(HAFMM) [14], which is a high accurate
version of the original FMM. It uses second-order approx-
imation of the gradient whenever points are available, but
reverts to a first-order approximation in the other cases.

max(G(−x),−G(+x), 0)2 +
max(G(−y),−G(+y), 0)2 +
max(G(−z),−G(+z), 0)2 = F−2

ijk (5)

G(∓x) = D∓x
ijkT ± switch∓x

ijk

∆x

2
(D∓x

ijk)2T (6)

switch∓x
ijk =





1 (Ti∓2,j,k & Ti∓1,j,k are known)
& (Ti∓2,j,k ≤ Ti∓1,j,k)

0 otherwise
(7)

D−x
ijk andD+x

ijk are the standard backward and forward finite
difference, respectively.∆x is the grid spacing in thex-
direction.

3. High Speed Propagation Model
Consider theminimum-cost path problemthat finds the path
C(s) : [0,∞) −→ Rn that minimizes the cumulative travel
cost from a starting pointA to some destinationB in Rn. If
the costU is only a function of the locationx in the image
domain, then the cost function is called isotropic, and the
minimum cumulative cost atx is defined as

T (x) = min
CAx

∫ L

0

U(C(s))ds (8)

whereCAx is the set of the all paths linkingA to x. The path
length isL and the starting and ending points areC(0) = A
andC(L) = x, respectively. The path that gives minimum
integral is the minimum cost path [15]. The solution of (8)
also satisfies the Eikonal equation (3) andF (x) = 1/U(x).

The most related work is [5], where they proposed a cost
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function U(x) = max(d − Dx, 0)γ to extract the center-
line between manually selected points. They definedd to
be the minimum acceptable distance to the boundary,Dx is
the Euclidian distance ofx from the boundary, andγ ≥ 1.
The selection ofd requires a priori knowledge of the object
structure. Therefore, the model is limited only to the extrac-
tion of a single centerline. However, for tree-like structures,
it generates trajectories rather than centerlines [16].

In this paper, we present a new cost function such that the
minimum cost path of (8) between two points is the center-
line. Our proposed cost function is given by,

U(x) = e−αDx α ≥ 0 (9)

whereα is called thefront convexity factor.
Consider the single branch structure of Figure 1(a),

where we need to find the centerline path between its end
pointsA andB. Assume thatA is a point sourcePS that
transmits a wave frontWα, whose convexity is proportional
to α and is evolving over time in the normal direction inside
the object. The speed of the front at each phantom point is
given byF (x) = eαDx . SinceWα is moving in only one di-
rection, then its motion is governed by the Eikonal equation
(3), which can be efficiently solved by the HAFMM [14].
Let DA = Dz = R andDu = Dv = Dx = Dy = R−∆x,
where∆x is the minimum distance between two horizon-
tal grid points. LetTA = 0, then by solving (3) using
HAFMM until the six points get frozen, we found that
Tu = Tv =

√
2

2 e−α(R−∆x), Tx = Ty =
√

2e−α(R−∆x),

andTz =
√

2
2 e−αR. Therefore,Tu ≤ Tz ≤ Tx. Since

∆x is constant over the image domain, then without loss of
generality, we can assume for simplicity that it equals1.0.
If α = 0, thenTu = Tz = Tv and the pointsu, v, and
z form the frontW0, whose positive curvature isκ1 at the
front headz. If α = 1, thenTu = Tv ' 2.7Tz and the front
W1 has more positive curvatureκ2 > κ1 at the front headz.
Note also that the base of the frontW1 is shorter than that
of W0. As α increases tremendously,

lim
α−→∞

F (z)
F (u)

= lim
α−→∞

eα∆x = ∞ (10)

lim
α−→∞

Tz

Tu
= lim

α−→∞
e−α∆x = 0 (11)

Under extremely fast propagation, the interpretation of (10)
is that each centerline point is moving extremely faster than
a non-centerline point, and hence it is the head of the mov-
ing front, while the interpretation of (11) is that, each cen-
terline point has the smallest cumulative cost and the wave
front has very large positive curvature at that point.

The propagating front is monotonically increasing in
time; there is only one global minimum over the cumula-
tive cost fieldT . Then, the minimum cost path fromB to A
can be found by backtracking fromB along the gradient of

T . Since, the propagating fronts are level sets, then the di-
rection of the gradient at each centerline point is normal to
its front. Also, each centerline pointxi has equal distances
from the boundary, then the propagating front is symmetri-
cal around the line segment−−−−→xi−1xi, and hence normal to it.
As a result, the minimum cost path between two points is its
centerline. We can now define the centerline of an object as
the locus of the propagating front points (heads) with max-
imum positive curvature.

It is clear that the key idea of the proposed speed model is
to distinguish centerline points from others by making them
the front points of maximum positive curvature. In fact, this
distinction is already there even at low speed propagation as
long as we are dealing with a single tube structure, because
centerline points have maximum distance from boundary,
and hence faster than other points on the sides. Unfor-
tunately, this distinction disappears near a branching or a
merging node, where the propagating fronts at joint cen-
terlines superimpose, resulting in a new wave front whose
head is not necessarily a centerline point. This fact is illus-
trated in Figure 2. At low values ofα, the extraction process
will result in trajectories as shown in Figure 2(a) and 2(b).
However, under large speed of propagation, the extraction
method generates centerlines as shown in Figure 2(c).

4. Centerline Extraction Method
In this section we embed our proposed high speed propaga-
tion model into a 2D/3D centerline extraction framework.
The main idea is to pick automatically an object centerline
point and consider it a point sourcePS that transmits a wave
front that evolves over time and traverses the object domain.
Initially, the PS transmits a moderate speed wave that is
faster in the middle of the object in order to capture its net-
work structure and extract its topological information, such
as merging and extreme points. Then, it transmits an ex-
tremely high speed wave that increases the curvature of the
front only at centerline points. If the object contains loops,
we first extract their centerlines followed by those central
paths that originate from extreme points. The pseudocode
of the proposed centerline extraction method is presented in
Algorithm (1). Now we describe in details the procedures
involved in the proposed algorithm.

ComputeEuclideanDistance()The Euclidean distanceE
of a point x is the minimum distance ofx from the
boundary. In general, the computationE is expensive.
Several methods have been proposed to approximate
it [17]. However, they suffer from metrication error
over discrete lattice. We employed HAFMM to com-
puteE and store the result into distance from bound-
ary (DFB) map. The boundary of the object is con-
sidered the initial front with zero travel time, whose
speedF is set to unity. Hence, the computation of the
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(a) (b) (c)

Figure 1: (a) Single branch structure (b) Cluster graph withβ = 0.5 (c) Centerlines around a loop.

Algorithm 1 Proposed Centerline Extraction Algorithm
1: ComputeEuclideanDistance(UnitSpeed)
2: PS = FindSourcePoint()
3: ComputeDistanceFromSource(PS , ModerateSpeed)
4: CG = CreateClusterGraph()
5: [M1,M2, · · · ,Mk] = GetMergingClusters(CG)
{Handle Loops}

6: for i = 1 to K do
7: [S1, S2, · · · , Sl] = GetSuccessors(Mi)
8: AddToBackground(Mi)
9: for j = 1 to l do

10: AddToBackground(!Sj)
11: ComputeDistanceFromSource(PS , HighSpeed)
12: Pj = GetCentralPoint(Sj)
13: C = ExtractCenterline(Pj)
14: ThinCenterline(C)
15: AddToForeground(!Sj)
16: end for
17: AddToForeground(Mi)
18: ComputeDistanceFromSource(P1, HighSpeed)
19: for j = 2 to l do
20: C = ExtractCenterline(Pj)
21: ThinCenterline(C)
22: end for
23: end for

{Handle Branches}
24: [X1, X2, · · · , XN ] = GetExtremeClusters(CG)
25: ComputeDistanceFromSource(PS , HighSpeed)
26: for j = 1 to N do
27: Pj = GetCentralPoint(Xj)
28: C = ExtractCenterline(Pj)
29: ThinCenterline(C)
30: end for

arrival timeT is equivalent to the true Euclidean dis-
tance. The source pointPS must belong to the object
centerline. Since centerlines are the locus of all local
maximum points, thenPS can be set to the point of
global maximum inE via FindSourcePoint().

ComputeDistanceFromSource(SrcP t, Speed) The dis-
tance from source (DFS) field computes at each ob-
ject point the minimum travel time from a source point
SrcP t. We also employed the HAFMM where the
travel time ofPS = SrcP t is set to zero and the front
propagates withF = Speed.

CreateClusterGraph() The discretization of the continu-
ousDFSfield converts the object with points as its ba-
sic elements into clusters as its new basic elements.
Each cluster consists of connected points with the
same discretizedDFScode. Two clusters are adjacent
if they are26 − connected. Therefore, we can ex-
pect more than one cluster with the same code if they
are not connected. Now, we can construct the clus-
ter graph whose root is the cluster containingPS with
zero cluster code, followed by clusters with increasing
code value. The cluster graph contains three types of
clusters.

1. Extreme Cluster (Xcluster), which exists at the
tail of the cluster graph.

2. Merging cluster (Mcluster), which has at least
two adjacent clusters (Successors) with the same
DFScode one less than it. They exist only if the
object contains loops.

3. Branching cluster (Bcluster), which has at least
two adjacent clusters with the sameDFS code
one more than it.
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Figure 1(b) shows the cluster graph of a tree struc-
ture with a loop, whereX, M, andSrepresent extreme,
merging, and successor clusters, respectively. There
is a relation between the speed of propagation and the
cluster depthCd. If F = 1, the discretizedDFS is
the approximated Euclidean distance field, thenCd is
approximately one point wide. IfF = ∞, then the
arrival time of all object points is approximately zero,
then the object is represented by only one cluster that
is the root of the cluster graph. As a consequence, we
propose the following moderate speed model to obtain
reasonable cluster depth such that the cluster graph ac-
curately describes the topology of the object.

F (x) = Dx
β 0 < β ≤ 1.0 (12)

The procedureGetCentralPoint(Cluster)searches the
given Cluster for the point of maximumDFB, which
represents a point that belongs to the centerline pass-
ing through it. The proceduresGetMergingClusters()
andGetExtremeClusters()extract the merging clusters
and extreme clusters, respectively, while the procedure
GetSuccessors(MCluster)extracts the successor clus-
ters of a given merging cluster.

AddToBackground(Cluster) This procedure takes as in-
put a cluster or a set of clusters, then considers them as
part of the object background; the object will contain
virtual gaps. The argument (!Sj) means all successor
clusters ofMi exceptSj . The opposite of this pro-
cedure is AddToForeground(Cluster), where the given
cluster(s) are retained to their original status as part of
the object; eliminating created gaps. These two pro-
cedures are very important while extracting the center-
lines of loops. Each loop in the object is associated
with one merging clusterM of the cluster graph. For
illustration, letM has only two successorsS1 andS2.
In order to extract the centerlines of this loop, three
steps are required as depicted in Figure 1(c). In the
first step, we compute the central points1 of S1, add
bothM andS2 to the background such that there is a
unique central path froms1 to the sourcePS , construct
aDFSfield fromPS until s1 is reached, and finally ex-
tract the centerline between them. In the second step,
we find the centerline betweens2 andPS in a similar
fashion to step one except that we add bothM andS1

to the background. In the third step, we construct a
DFSfield from s1 until s2 is reached, then extract the
centerline between them.

ExtractPath(SrcPt) We have mentioned earlier that the
centerline between two points can be extracted by
backtracking starting fromSrcPt along the gradi-
ent of the arrival time fieldT until PS is reached or
visit another extracted centerline to prevent overlapped

paths. The extraction process is the solution of the
given ordinary differential equation.

dC(s)
ds

= − ∇T

|∇T | , C(0) = SrcP t (13)

C(s) traces out the centerline path. The equation is
solved using Runge-Kutta of order 2. The error of the
method isO(∆t3), where∆t is the integration step.

ThinCenterline(Centerline) The extracted centerline
may self intersect. Hence, to obtain one point thick
centerline, we first discretize the centerline, then apply
our simple thinning method. LetA and B be the
starting and ending points of the centerline. Generate
aDFSfield fromA using (1-2-3) metric [17] untilB is
reached. Backtrace fromB looking for the minimum
26 − connected points. If more than one point has
the same value, pick the one with maximum distance
from the boundary, which guarantees that the thinned
path is still centered.

5. Experiments
We have quantitatively validated our proposed method
against different 3D synthetic tubular structures with vary-
ing complexity. Our validation method centers a sphere at
each extracted centerline pointp. The radius of the sphere
is set toDp. The reconstructed volume by the union of all
spheres is computed and denoted byVr. Our quantitative
error measureQe is given by,

Qe =
|Vo − Vr|

Vo
× 100 (14)

Vo is the original volume. In Figure 4(a), 4(b), and 4(c), we
show some representatives of the tested phantoms. They
represent a tree structure with one loop, a structure of three
connected loops, and a spiral. For the sake of illustration,
only 50% of the extracted centerline points are augmented
with spheres. Notice that the spheres perfectly touch the
boundary of the phantoms.Qe was less than 6% for all
tested phantoms.

We have also validated our method qualitatively against
both 2D and 3D shapes as shown in Figure 3 and Figure
4, respectively. 3D shapes include medical datasets such as
aorta and trachea in the abdomen, CT-scanned objects such
as a wooden tree and a lobster, and the rest of the objects are
voxelized datasets. Notice the complexity of the tested ob-
jects and the accuracy of the extracted centerlines especially
near branching and merging nodes. Extracted centerlines of
2D shapes are superimposed on the iso-contours of the min-
imum cost fieldT .

Our model is controlled by two main parametersβ in
(12) andα in (9). Experimental results showed that setting
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β to0.5 gives a reasonable cluster depth such that the cluster
graph adequately captures the topology of the object. The-
oretically, α should be as high as possible to ensure high
speed propagation and hence centeredness. However, the
exponential function grows extremely fast even at relatively
lower values ofα. Experimental results showed that a suit-
able range forα is 15 ≤ α ≤ 50 depending on the object
size. Lower values ofα is suitable for small size structures,
where the front gets extremely convex at those values.α is
set to35.0 in all tested objects. To ensure connected center-
line, the integration step is set to a small value,0.01.

The core of our method is the HAFMM, where it is
used in computing the Euclidean distance map, generat-
ing the cluster graph, and during the extraction procedure.
Fortunately, the complexity the HAFMM forN points is
O(NlogN). Therefore, our method is computationally ef-
ficient.

Although the wooden tree and the lobster have large
boundary noise, the extracted centerlines showed that our
method has low sensitivity to noise, because all small
branches are pruned with a simple threshold without affect-
ing the rest of the skeleton.

Finally, the robustness of our proposed method is
demonstrated by correctly extracting all the centerlines of
tested objects, successful validation against synthetic phan-
toms of different complexity, and being less sensitive to
noise.

6. Conclusion
In this paper, we have presented a new level set based cen-
terline extraction framework. As a first contribution, we
have proposed a new high speed propagation model, that
has been embedded into the HAFMM, such that the min-
imum cost path between two points is a centerline. As
a second contribution, we have developed a computation-
ally efficient centerline extraction method, that exploits the
proposed speed model, and generates a network of central
paths for any object, regardless of its complexity. The pro-
posed validation method as well as the experimental re-
sults on several 2D and 3D shapes showed the robustness
of the method in generating centerlines that are centered,
connected, one point thick, and less sensitive to boundary
noise.
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(a) (b) (c)

Figure 2: Trajectories converge to centerlines with increasingα (a)α = 1.0 (b) α = 5.0 (c) α = 35.0

(a) (b) (c)

(d) (e) (f) (g)

Figure 3: Centerlines of 2D shapes.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 4: Centerlines of 3D objects. (a) tree with a loop (b) structure with three loops (c) spiral (d) t-shape (e) lobster (f)
wooden tree with large noise (g) aorta (h) trachea (i) dinosaur (j) horse (k) dragon (l) spider
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