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Abstract—A wide range of computer vision applications require an accurate solution of a particular Hamilton-Jacobi (HJ) equation

known as the Eikonal equation. In this paper, we propose an improved version of the fast marching method (FMM) that is highly accurate

for both 2D and 3D Cartesian domains. The new method is called multistencils fast marching (MSFM), which computes the solution at

each grid point by solving the Eikonal equation along several stencils and then picks the solution that satisfies the upwind condition. The

stencils are centered at each grid point and cover its entire nearest neighbors. In 2D space, two stencils cover 8-neighbors of the point,

whereas in 3D space, six stencils cover its 26-neighbors. For those stencils that are not aligned with the natural coordinate system, the

Eikonal equation is derived using directional derivatives and then solved using higher order finite difference schemes. The accuracy of the

proposed method over the state-of-the-art FMM-based techniques has been demonstrated through comprehensive numerical

experiments.

Index Terms—Multistencils fast marching methods, monotonically advancing fronts, fast marching methods, level set methods,

Eikonal equation.

Ç

1 INTRODUCTION

A large number of applications require the development
of optimal algorithms for tracking moving interfaces

(that is, advancing fronts). Advances in numerical analysis
have led to computationally efficient tools for tracking
interface motion by using level set methods [1]. Level set
methods are numerical algorithms for tracking moving
interfaces, whose motion is governed by a particular class of
first-order hyperbolic partial differential equation (PDE)
known as the Hamilton-Jacobi (HJ) equation. Level set
methods possess several tempting features, which make
them very appealing in several research areas. That they are
applicable in higher dimensions, automatically handle
topological changes of moving interfaces such as break
and merge, and use efficient numerical schemes are among
those features.

One important and interesting HJ equation is the Eikonal

equation,1 which is a first-order nonlinear PDE whose

solution tracks the motion of a monotonically advancing

front. The solution of this particular equation is found to be

very useful in a wide range of computer vision applications
such as computing distance fields from one or more points
[2], shaping from shading [3], shape offsetting [4], optimal
path planning [3], [5], segmentation [6], registration [7], [8],
and shape representation [9], [10].

Several methods have been proposed to solve the Eikonal
equation [2], [11], [12], [13], [14], [15], [16], [17]. The most
stable and consistent methods among those techniques are
the fast sweeping method (FSM) and the fast marching
method (FMM), which are applicable to both Cartesian
domains [2], [17], [18]and triangulated surfaces [19], [20], [21].

The FSM [17], [21], [22], [23], [24], [25] is an iterative
algorithm with optimal complexity that finds the numerical
solution by using a nonlinear upwind method and Gauss-
Seidel type iterations with alternating sweepings in pre-
determined directions. The FMM [2], [18], [19], [20] combines
entropy-satisfying upwind schemes and a fast sorting
technique to find the solution in one-pass algorithm.

A recent computational study [26] of the FMM and the
FSM for solving the Eikonal equation has shown that, on
realistic grids, the FSM is faster than the FMM for problems
with simple geometry. However, on a fixed grid, for
nonuniform problems and/or complex geometry, the
situation may be reversed.

The main advantage of the FMM over existing techniques
is that it explicitly maintains a narrow band that separates the
grid points of known solutions from the unknown ones.
Therefore, the solution at every grid point is computed in an
order that is consistent with the way wave fronts propagate.
This order information is very important in several applica-
tions such as ordered thinning skeletonization [10], [27],
robotic path planning [5], and image inpainting [28].
Unfortunately, the FMM is not accurate along diagonal
directions, and its computational complexity is not optimal.
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1. The Eikonal equation was derived about 150 years ago by Sir William
Rowan Hamilton. The word Eikonal was introduced in 1895 by H. Burns. It
comes from the Greek word “���!�,” from which the modern word icon is
derived. The equation’s title is descriptive because it controls the formation
of images in optical systems.
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Therefore, some approaches have been introduced to im-
prove its accuracy [18], [29] and efficiency [30], [31].

In this paper, we propose a highly accurate method for
solving the Eikonal equation on Cartesian domains. The
proposed method is called multistencils fast marching (MSFM),
which builds over the FMM. It computes the solution at each
grid point by solving the Eikonal equation along several
stencils that cover its entire neighbor points and then picks
the solution that satisfies the upwind condition. For those
stencils that are not aligned with the natural coordinate
system, the Eikonal equation is derived using directional
derivatives and then solved using higher order finite
difference schemes. In [32], we have presented some
preliminary results of this work.

This paper is organized as follows: In Section 2, the
equation of the motion of monotonically advancing fronts is
derived. In Section 3, the FMM is explained in detail. Section 4
reviews related methods that improve the FMM and Section 5
introduces the proposed MSFM. Section 6 describes the
numerical experiments that test the accuracy and conver-
gence of the proposed methods in both 2D and 3D Cartesian
domains. Finally, Section 7 concludes the presented work.

2 MONOTONICALLY ADVANCING FRONTS

Consider a closed interface � (that is, boundary) that
separates one region from another. � can be a curve in 2D or
a surface in 3D. Assume that � moves only in one direction
with speed F and hence has a monotonically increasing or
decreasing propagation according to the sign of F . In order
to track the position of the front, the arrival time T ðxxÞ of � is
computed as it crosses each point xx. The equation of the
motion of this special front can be derived, as described in
[2], as follows: Consider the one-dimensional case, where
distance ¼ speed� time, which can be expressed as

F ¼ dx

dT
: ð1Þ

In multiple dimensions, the equation of motion is given as

jrT jF ¼ 1; T ð�0Þ ¼ 0; ð2Þ

where the arrival time T of the initial position of the front is
set to 0. If the speed depends only on the position xx, then
the equation reduces to a nonlinear first-order PDE, which
is known in geometrical optics as the Eikonal equation. Both
Adalsteinsson and Sethian [2] and Tsitsiklis [33] have
independently solved that equation in one-pass algorithm.
The approach of Adalsteinsson and Sethian is based on an
upwind scheme, whereas the approach of Tsitsiklis is based
on an optimal control theory. The main advantage of [2]
over [33] is that it is more general in higher dimensions.

3 THE FAST MARCHING METHOD

Because the proposed MSFM builds over the FMM, this
section explains in detail the FMM algorithm. According to
(2), if the speed is only a function of the location, then the
FMM is called isotropic. Otherwise, it is called anisotropic if
the direction of propagation is also taken into account. This
paper is concerned only with isotropic speed functions. For
anisotropic FMM, see [34].

In 2D, the numerical approximation of jrT j that selects
the physically correct vanishing viscosity weak solution is
given by Godunov [35]

maxðD�xij T ;�Dþxij T ; 0Þ
2þ

maxðD�yij T ;�D
þy
ij T ; 0Þ

2 ¼ 1

F 2
ij

;
ð3Þ

where D�ij and Dþij are the standard backward and forward
finite difference schemes, respectively, at location ði; jÞ. IfrT
is approximated by a first-order finite difference scheme, then
(3) can be rewritten as

X2

v¼1

max
T � Tv

�v
; 0

� �2

¼ 1

F 2
; ð4Þ

where �1 ¼ �x, �2 ¼ �y, T ¼ Ti;j, F ¼ Fij, and

T1 ¼ minðTi�1;j; Tiþ1;jÞ
T2 ¼ minðTi;j�1; Ti;jþ1Þ:

ð5Þ

The solution of (4) is given as

. T > maxðT1; T2Þ. T is the maximum solution of the
following quadratic equation

X2

v¼1

T � Tv
�v

� �2

¼ 1

F 2:
ð6Þ

. T2 > T > T1. T ¼ T1 þ �1

F .

. T1 > T > T2. T ¼ T2 þ �2

F .

A systematic procedure for solving the quadratic discrete
equation in any dimension is provided in [36]. The idea
behind the FMM is to introduce an order in the selection of
the grid points during computation of their solutions
(arrival times) in a way similar to the Dijkstra shortest path
algorithm [37]. This order is based on the causality
relationship, which states that the arrival time T at any
point depends only on the adjacent neighbors that have
smaller values. During the evolution of the front, each grid
point xx is assigned one of the three possible tags:

1. Known. The computed travel time at xx will not be
changed later.

2. Narrow band. The computed travel time at xx may be
changed later.

3. Far. The travel time at xx is not yet computed.

The FMM algorithm can be summarized as follows.
Initially, all boundary points are tagged as known. Then,
their nearest neighbors are tagged as narrow band after their
arrival time is computed by solving (4):

1. LOOP. Among all narrow-band points, extract the
point with minimum arrival time and change its tag
to known.

2. Find its nearest neighbors that are either far or
narrow band.

3. Update their arrival times by solving (4).
4. Go back to LOOP.

As a result of the update procedure (Step 3), either a far point
is tagged as a narrow band or a narrow-band point gets assigned
a new arrival time that is less than its previous value.
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Although the FMM provides a stable and consistent

solution to the Eikonal equation, it still has two limitations.

First, the computational complexity of the method is high

because it stores the solutions in a narrow band that is

implemented using a sorted heap data structure. The

complexity of maintaining the heap is OðlognÞ, where n is

the total number of grid points. Therefore, the total

complexity of the method is Oðn lognÞ. Second, at each

grid point xx, the method employs a 4-point stencil to exploit

only the information of the adjacent four neighbors to xx,

thus ignoring the information provided by diagonal points.

As a consequence, the FMM suffers from a large numerical

error along diagonal directions.

4 IMPROVED FAST MARCHING METHODS

Several methods have been proposed to improve the FMM

for it to be either computationally efficient [30], [31] or more

accurate [18], [29]. In the following sections, we review each

of these methods.

4.1 The Higher Accuracy Fast Marching Method
(HAFMM)

The HAFMM [18] improves the accuracy of the FMM by

approximating the gradient by a second-order finite differ-

ence scheme whenever the arrival times of the neighbor

points are available, but reverts to a first-order approxima-

tion in other cases. The second-order backward and forward

finite difference approximations of the gradient along the

x direction of a 2D lattice is given in (7) and (8), respectively,

D�xij ¼
3Ti;j � 4Ti�1;j þ Ti�2;j

2�x
; ð7Þ

Dþxij ¼ �
3Ti;j � 4Tiþ1;j þ Tiþ2;j

2�x
: ð8Þ

By substituting (7) and (8) into (3), we get

X2

v¼1

max
3

2�v
ðT � TvÞ; 0

� �2

¼ 1

F 2
; ð9Þ

where

T1 ¼ min
4Ti�1;j � Ti�2;j

3
;
4Tiþ1;j � Tiþ2;j

3

� �
; ð10Þ

T2 ¼ min
4Ti;j�1 � Ti;j�2

3
;
4Ti;jþ1 � Ti;jþ2

3

� �
: ð11Þ

The method asserts two conditions to use a second-order

approximation of the gradient; otherwise, it reverts to a

first-order approximation.

1. The points that are two points away from ði; jÞ in each
direction are known. For example, in the x direction,
Ti�2;j or Tiþ2;j must be known.

2. The points that are two points away from ði; jÞ in
each direction must have less travel time than those
points at one point away from ði; jÞ. For example, in
the x direction, Ti�2;j � Ti�1;j, and Tiþ2;j � Tiþ1;j.

4.2 The Shifted Grid Fast Marching (SGFM) Method

Danielsson and Lin [29] improved the accuracy of the FMM
by introducing the SGFM technique. The main idea of the
algorithm is to sample the cost function at half-grid
positions; therefore, the cost is dependent on the marching
direction. The update strategy for computing the arrival
time at a neighbor point of a known point under the new
scheme is derived from the optimal control theory in a
fashion similar to Tsitsiklis’ [33]. Therefore, the solution
cannot make use of any higher order finite difference
schemes. In 2D, they proposed two solution models. The
first one uses 4-connected neighbors, which gives the same
results as the FMM, whereas the second one uses
8-connected neighbors, which gives better results than
FMM. In both models, the idea is the same, where the
neighborhood around xx is divided to either four quadrants
or eight octants. The known points of each quadrant/octant
compute the arrival time at xx, which is then assigned the
minimum value over all quadrant/octants. In 3D, no
improvements over the FMM have been reported.

4.3 The Group Marching Method (GMM)

The GMM is a modified version of the FMM that advances a
group of grid points simultaneously rather than sorting the
solution in a narrow band. The GMM reduces the computa-
tional complexity of the FMM to OðnÞwhile maintaining the
same accuracy. The method works as follows: A group of
points G is extracted from the narrow band such that the
points’ travel times do not alter each other in the update
procedure. The neighbor grid points of G join the narrow
band after their travel times are computed. Finally, the
points G are tagged as known.

4.4 Untidy Fast Marching Method (UFMM)

In [31], another method is proposed to improve the computa-
tional efficiency of the FMM by reducing its complexity to
OðnÞ. The method implements the narrow band by a special
data structure called untidy priority queue whose maintenance
(insert/delete) operations costOð1Þ rather than a sorted heap,
whose cost is OðlognÞ. The queue is implemented using a
dynamic circular array. Each computed arrival time value is
quantized and used as an index to access the dynamic array.
Each entry (bucket) of the circular array contains a list of
points with similar T values. The quantization is used only to
place the grid point in the queue, whereas the actualT value is
used to solve the Eikonal equation when the grid point is
selected. Therefore, errors can only occur due to a wrong
selection order. The authors have shown that the error
introduced due to the wrong selection order is of the same
order of magnitude as the FMM.

5 MULTISTENCILS FAST MARCHING METHODS

All related methods except [29] ignore the information
provided by diagonal points and hence suffer from large
numerical errors along diagonal directions. One can make
use of the diagonal information of a point xx in two ways. One
is by using only one stencil that is centered at xx and is always
aligned with the natural coordinate system. The coordinate
system is then rotated several times to intersect the lattice at
diagonal grid points. The other is by using several stencils
that are centered at xx and covering its entire diagonal
neighbor points. The gradient is then approximated using
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directional derivatives. In the following, we will show that
the latter method (that is, proposed work) is more general
than the former. It is worth noting that using diagonal stencils
to enhance the accuracy of solving PDEs is commonly used in
practice [38], [39], [40]. The work presented in this paper
combines multiple stencils and directional derivatives within
the FMM to improve the accuracy of solving the Eikonal
equation on Cartesian domains.

5.1 Single-Stencil Multiple Rotations of Coordinate
System

Consider the 2D lattice in Fig. 1a. Assume that the Cartesian
coordinate system has been rotated by an angle � such that
it intersects the lattice at grid points that were diagonal with
respect to the original coordinate system p1, p2, q1, and q2.
Any point ð�x; �yÞ in the new coordinate system is related to a
point ðx; yÞ in the original one

�x ¼ x cos �þ y sin �

�y ¼� x sin �þ y cos �:
ð12Þ

The partial derivatives of T with respect to x and y are given
by the chain rule

Tx ¼
@T

@x
¼ @T
@�x
� @�x

@x
þ @T
@�y
� @�y

@x

Ty ¼
@T

@y
¼ @T
@�x
� @�x

@y
þ @T
@�y
� @�y

@y
:

ð13Þ

Substituting (12) into (13) results in

Tx ¼
@T

@�x
cos �� @T

@�y
sin �

Ty ¼
@T

@�x
sin �þ @T

@�y
cos �:

ð14Þ

By squaring both sides of (14), it is easy to show that

T 2
x þ T 2

y ¼ T 2
�x þ T 2

�y ¼ jrT ð�x; �yÞj
2 ¼ 1

F 2ðx; yÞ ; ð15Þ

which is the Eikonal equation. Therefore, under the rotated
coordinate system, rT can be approximated by the spatial
derivatives along �x and �y. Now, by solving the Eikonal
equation once along the xy-coordinate system and once
along the �x�y-coordinate system, two solutions for the arrival
time at x are obtained, from which the smallest that satisfies
the FMM causality relationship is selected. Unfortunately,

this technique is limited only to an isotropic grid spacing,

where �x ¼ �y. Otherwise, the rotated coordinate system

will intersect the lattice at nongrid points.

5.2 2D Multistencils Fast Marching Method

Consider the stencil Sv that intersects the 2D Cartesian

domain at the grid points p1, p2, q1, and q2 as shown in

Fig. 1b. Let r1
!¼ ½r11 r12�T and r2

!¼ ½r21 r22�T be the unit

vectors along p2p1 and q2q1, respectively, and U1 and U2 be

the directional derivatives along r1
! and r2

!, respectively,

which are given as

U1 ¼ r1
!� rT ðxxÞ ¼ r11Tx þ r12Ty; ð16Þ

U2 ¼ r2
!� rT ðxxÞ ¼ r21Tx þ r22Ty ð17Þ

and can be rewritten as

U1

U2

� �
¼ r11 r12

r21 r22

� �
Tx
Ty

� �
: ð18Þ

Thus,

U ¼ R rT ðxxÞ; ð19Þ

rT ðxxÞ ¼ R�1U; ð20Þ

ðrT ðxxÞÞT ¼ ðR�1UÞT ¼ UT R�T : ð21Þ

Since

jrT ðxxÞj2 ¼ ðrT ðxxÞÞT rT ðxxÞ; ð22Þ

then

jrT ðxxÞj2 ¼ UT ðRRT Þ�1U ¼ 1

F 2ðxxÞ : ð23Þ

If � is the angle between the unit directional vectors, then

R RT is given as

kr1
!k2 r1

!� r2
!

r2
!� r1
! kr2

!k2

� �
¼ 1 cos �

cos � 1

� �
ð24Þ

and

ðR RT Þ�1 ¼ �1

sin2 �

�1 cos �
cos � �1

� �
: ð25Þ
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Fig. 1. (a) The natural coordinate system is rotated by an angle � to intersect the lattice at diagonal grid points. (b) The stencil Sv is centered at xx and

intersects the lattice at diagonal grid points. (c) The stencil Sw is centered at xx and intersects the lattice at the grid points l1, l2, p1, p2, q1, and q2.



By substituting (25) into (23), a closed-form expression for

the gradient of the arrival time along an arbitrary stencil is

obtained as follows:

U2
1 � 2U1U2 cos �þ U2

2 ¼
sin2 �

F 2ðxxÞ : ð26Þ

The first-order approximation of the directional derivative

Uv that obeys the viscosity solution of (3) is given by

Uv ¼ max
T ðxxÞ � Tv
kxx� xxvk

; 0

� �
; v ¼ 1; 2; ð27Þ

where T ðxxÞ, T1, and T2 are given in (5) and xxv is the known

grid point at which Tv is minimum.
Also, the second-order approximation of the directional

derivativeUv that obeys the viscosity solution of (3) is given by

Uv ¼ max
3

2 kxx� xxvk
½T ðxxÞ � Tv�; 0

� �
; v ¼ 1; 2; ð28Þ

where T1 and T2 are given in (10) and (11), respectively, and

xxv is still the known grid point at which Tv is minimum.
In 2D, two stencils S1 and S2 are used. The nearest

neighbor points are covered by S1, whereas the diagonal

points are covered by S2. To simplify the discussion, assume

an isotropic grid spacing; �x ¼ �y ¼ h, then � ¼ 90 degrees:

1. S1 Stencil: The stencil is aligned with the natural
coordinate system as shown in Fig. 2a. Since � ¼ 90,
ðR RT Þ�1 ¼ I and, hence, (26) reduces to

U2
1 þ U2

2 ¼
1

F 2ðxxÞ : ð29Þ

For a first-order approximation of the directional

derivative, the following equation is solved:

X2

v¼1

max
T ðxxÞ � Tv

h
; 0

� �2

¼ 1

F 2ðxxÞ : ð30Þ

On the other hand, for a second-order approx-

imation of the directional derivative, the following

equation is solved:

X2

v¼1

max
3

2h
½T ðxxÞ � TvÞ�; 0

� �2

¼ 1

F 2ðxxÞ : ð31Þ

2. S2 Stencil: The stencil is aligned with the diagonal
neighbors as shown in Fig. 2b. Similar to the previous
case, for a first-order approximation of the directional
derivative, the following equation is solved:

X2

v¼1

max
T ðxxÞ � Tvffiffiffi

2
p

h
; 0

� �2

¼ 1

F 2ðxxÞ ; ð32Þ

whereas, for a second-order approximation of the

directional derivative, the following equation is

solved:

X2

v¼1

max
3

2
ffiffiffi
2
p

h
½T ðxxÞ � Tv�; 0

� �2

¼ 1

F 2ðxxÞ : ð33Þ

For both stencils, if

T ðxxÞ > maxðT1; T2Þ; ð34Þ

then (30), (31), (32), and (33) reduce to a second-

order equation of the form
P2

v¼1 gðhÞðT ðxxÞ � TvÞ
2,

which can be simplified to

gðhÞ
X2

v¼1

avT
2ðxxÞ þ bvT ðxxÞ þ cv ¼

1

F 2ðxxÞ ; ð35Þ

where the coefficients av, bv, and cv are given as

½ av bv cv � ¼ ½ 1 �2Tv T 2
v �: ð36Þ

The value of gðhÞ for the first and second-order numerical

schemes, as well as the stencil orientation, is given in

Table 1.

5.2.1 Upwind Condition

Solving the quadratic equation results in two solutions. The
minimum is rejected because it does not maximize the
equation. Still, the solution must satisfy the causality relation-
ship. However, since the value of T ðxxÞ is not known in
advance, the computed solution T ðxxÞmust be checked to see
if it is higher than the two adjacent neighbors T1 and T2 that
participated in the solution. If the check is true, then the
solution is accepted. Otherwise, the following solution is
accepted:

min Tv þ
kxx� xxvk
F ðxxÞ

� �
; v ¼ 1; 2: ð37Þ

A better method is to derive the upwind condition before
solving the equation. Since the solution is given as

T ðxxÞ ¼ �bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac
p

2a
ð38Þ
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Fig. 2. The proposed stencils for the 2D Cartesian domain. T1 and T2 are

the minimum arrival times along each arm of the stencil. (a) S1. (b) S2.

TABLE 1
The Value of gðhÞ as a Function of the

Numerical Schemes and the Stencil Orientation



and the upwind condition requires that T ðxxÞ > T1 and
T ðxxÞ > T2

T ðxxÞ � Tv ¼
�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac
p

2a
� Tv > 0; v ¼ 1; 2: ð39Þ

After some algebraic manipulations, it is easy to show that
the following condition must be satisfied:

aT 2
v þ bTv þ c < 0; v ¼ 1; 2: ð40Þ

The first and second-order approximations of the direc-
tional derivatives can be put in the form

Uv ¼ kvT ðxxÞ � nv; v ¼ 1; 2: ð41Þ

The values of kv and nv depend on the order of approxima-
tion and stencil orientation. Substituting (41) into (26) and
solving for T ðxxÞ result in the coefficient values of (40).

a ¼ k2
1 � 2k1k2 cos �þ k2

2

b ¼ �2k1n1 þ 2ðk1n2 þ k2n1Þ cos �� 2k2n2

c ¼ n2
1 � 2n1n2 cos �þ n2

2 �
sin �2

F 2ðxxÞ :
ð42Þ

Substituting (42) into (40) results in the following upwind
condition:

jT1 � T2j <
fð�x;�yÞ sin �

F ðxxÞ : ð43Þ

The value of fð�x;�yÞ for the first and second-order
numerical schemes, as well as the stencil orientation, is given
in Table 2. In [25], [26], a more restrictive condition (44) is
derived, which not only ensures the upwind condition, but
also forces the quadratic solution to be real:

jT1 � T2j <
fð�x;�yÞð1� cos �Þ

F ðxxÞ : ð44Þ

5.3 3D Multistencils Fast Marching Method

The proposed 2D MSFM technique can be extended easily

to a 3D Cartesian domain. Consider the stencil Sw that

intersects the lattice at the grid points l1, l2, p1, p2, q1, and q2

as shown in Fig. 1c. Let r1
!¼ ½r11 r12 r13�T , r2

!¼ ½r21 r22 r23�T ,

and r3
!¼ ½r31 r32 r33�T be the unit vectors along l2l1, p2p1,

and q2q1, respectively. Let � be the angle between r1
! and r2

!,

	 be the angle between r2
! and r3

!, and 
 be the angle

between r1
! and r3

!. Finally, let U1, U2, and U3 be the

directional derivatives along r1
!, r2
!, and r3

!, respectively.

Recall from Section 5.2 that

UT ðRRT Þ�1U ¼ 1

F 2ðxxÞ : ð45Þ

Then,

R RT ¼
1 cos � cos 


cos � 1 cos 	
cos 
 cos 	 1

0
@

1
A: ð46Þ

In 3D, six stencilsSw,w 2 ½1; 6� are used. The nearest neighbor
points to xx are covered byS1, whereas the diagonal points are
covered by the rest of the stencils as shown in Fig. 3.

Again, to simplify the discussion, assume an isotropic
grid spacing: �x ¼ �y ¼ �z ¼ h. Substituting � ¼ 	 ¼ 
 ¼
90 degrees into (46) results in ðR RT Þ�1 ¼ I and, hence,

U2
1 þ U2

2 þ U2
3 ¼

1

F 2ðxxÞ : ð47Þ

For a first-order approximation of the directional derivative,
the following equation is solved:

X3

v¼1

max
T ðxxÞ � Tv
kxx� xxvk

; 0

� �2

¼ 1

F 2ðxxÞ : ð48Þ

On the other hand, for a second-order approximation of the
directional derivative, the following equation is solved:
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TABLE 2
Coefficients of the Upwind Condition for both S1 and S2

Using Different Numerical Schemes

Fig. 3. The proposed stencils for the 3D Cartesian domain. T1, T2, and T3

are the minimum arrival times along each arm of the stencil. (a) S1.

(b) S2. (c) S3. (d) S4. (e) S5. (f) S6.



X3

v¼1

max
3

2kxx� xxvk
½T ðxxÞ � Tv�; 0

� �2

¼ 1

F 2ðxxÞ : ð49Þ

For all stencils, if

T ðxxÞ > maxðT1; T2; T3Þ; ð50Þ

then (48) and (49) reduce to a second-order equation of the
form

P3
v¼1 gvðhÞðT ðxxÞ � TvÞ

2, which can be simplified to

X3

v¼1

gvðhÞ avT 2ðxxÞ þ bvT ðxxÞ þ cv
� �

¼ 1

F 2ðxxÞ ; ð51Þ

where the coefficients av, bv, and cv are given in (36). The value

of gvðhÞ for the first and second-order numerical schemes, as

well as the stencil orientation, is given in Table 3.

5.3.1 Upwind Condition

Although deriving the upwind condition for a 3D domain is

straightforward, it has a complicated closed-form solution

and hence is time consuming. A less expensive method is to

make sure that the computed T ðxxÞ is higher than the values

of the three adjacent neighbors T1, T2, and T3 that

participated in the solution. If the check is true, then the

solution is accepted. Otherwise, T ðxxÞ is checked if it is

greater than the values of the remaining two adjacent

points. If the check is true, then the quadratic equation is

solved based on their values, and the maximum solution is

returned. Otherwise, the following solution is accepted:

min Tv þ
kxx� xxvk
F ðxxÞ

� �
; v ¼ 1; 2; 3: ð52Þ

6 NUMERICAL EXPERIMENTS

In order to study the accuracy and convergence of the

proposed methods in both 2D and 3D Cartesian domains,

several numerical experiments have been conducted.

6.1 Accuracy

The following experiments compare the accuracy of the

proposed first-order MSFM ðMSFM1Þ and the second-order

MSFM ðMSFM2Þ with the first-order FMM ðFMM1Þ (that is,

FMM), the second-order FMM ðFMM2Þ (that is, HAFMM),

and the SGFM.
The exact analytical solution of the Eikonal equation,

given a particular speed model, is assumed to be the gold

standard. Since the analytical solution is hard to find at least

for complex speed models, we started from a continuous and

differentiable function TaðxxÞ as described in [29] and then

compared the computed arrival time T ðxxÞ by each method,

given a particular speed function with TaðxxÞ, by using

different error norms. The speed is derived from the

following equation:

F ¼ 1

jrTaj
: ð53Þ
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TABLE 3
The Value of gvðhÞ as a Function of the

Numerical Schemes and the Stencil Orientation

TABLE 4
The Ground Truth Arrival Times TaðxxÞ for both

2D and 3D Cartesian Domains

Fig. 4. Isocontours of TaðxxÞ. (a), (b), and (c) T1 is generated from

different source points. (d) T2. (e) T3. (f) T4.



Table 4 lists the ground truth arrival times for both 2D and
3D Cartesian domains. The isocontours of the ground truth
functions for 2D spaces are shown in Fig. 4.

6.1.1 Experiment 1

This experiment compares the accuracy of the proposed

methods MSFM1 and MSFM2 against FMM1 and FMM2 in

2D space under three different speed functions. The size of

the test grid is 101� 101 points, with �x ¼ �y ¼ 1. The

first speed function is given as F1ðxxÞ, which corresponds to

a moving front from the point ðx0; y0Þ with a unit speed. In

this case, the computed arrival time T1ðxxÞ corresponds to the

euclidean distance field, which is of interest in many scientific

areas. The test is performed three times from one or more

source points: one point at the center of the grid to test the

high-curvature solution, one point at the corner of the grid to

test the smooth solution, and two points to test the solution

with shock points. To measure the error between the

computed T ðxxÞ and the analytical TaðxxÞ solutions, the

following error norms were employed, where n is the total

number of grid points:

L1 ¼
1

n

Xn
i¼1

jT � Taj; ð54Þ

L2 ¼
1

n

Xn
i¼1

jT � Taj2; ð55Þ

L1 ¼ maxðjT � TajÞ: ð56Þ

The numerical errors of these experiments are listed in
Table 5. Fig. 5 shows the isocontours of the error curves when
solving for T1 in the first experiment by using the FMM2 and
the MSFM2. Notice that the errors are small along the
horizontal and vertical directions and increase rapidly in
the regions around 45 degrees when using the FMM2 as
shown in Fig. 5a. However, when using the proposed
method, the errors are small along all the directions that are
covered by the proposed stencils as shown in Fig. 5b. Fig. 6
magnifies a portion of the isocontours of the exact solution
(solid), the FMM2 (dashed dot), and the MSFM2 (dashed) for
two different waves. The first wave propagates from the
center of a grid (51, 51), whereas the second one propagates
from two different source points (51, 35) and (51, 67). It is
obvious that, in both cases, the proposed MSFM2 is more
accurate than the FMM2. Also, the computed isocontours by
MSFM2 is nearly aligned with the exact analytical solution.
Table 6 lists the numerical errors in the solution by two

different complex speed models (F2 andF3) that are functions

of the spatial coordinates.

6.1.2 Experiment 2

In [29], the authors have tested their method in 2D space by

using different test functions (F1 and F4) on an isotropic

grid of size 56� 56. This experiment presents a comparison

of the proposed methods MSFM1 and MSFM2, with their

approach under the same experimental conditions. The

numerical errors are listed in Table 7.
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TABLE 5
Error Norms of the Computed T1 from Different Source Points of a Grid of Size 101� 101

Fig. 5. Isocontour of the error curves of a unit speed wave that

propagates from the corner of a grid when applying (a) the FMM2 and

(b) the proposed MSFM2.



6.1.3 Experiment 3

This experiment tests the accuracy in 3D space under

different speed functions (F5 and F6). The size of the test grid

is 41� 41� 41, with �x ¼ �y ¼ �z ¼ 1. No 3D results have

been reported in [29]. The first speed function is given as

F5ðxxÞ, which corresponds to a moving front from the point

ðx0; y0; z0Þ with a unit speed. Again, the test was performed

three times from different points to test the quality of a high-

curvature solution, a smooth solution, and a solution with

shock points. The numerical errors for the first two cases are

listed in Table 8.

In Table9,we showthe error normsof thecomputed arrival

times in both 2D and 3D of a unit speed wave that propagates

from the center of anisotropic grids. In 2D, �x ¼ 0:1 and

�y ¼ 0:2, which correspond to a set of elliptical isocontours

arrival times rather than circular ones. In 3D, �x ¼ 0:1,

�y ¼ 0:1, and �z ¼ 0:2, which correspond to a set of

ellipsoidal isosurfaces arrival times rather than spherical

ones.Toconclude, thenumericalerror tables forbothisotropic

and anisotropic grids in both 2D and 3D show that the

proposed methods give the most accurate results among all

related techniques, especially when using the MSFM2. Notice

also that the MSFM1 is more accurate than the original FMM1.

Fig. 7 shows a visual comparison of the computed

3D arrival times by the proposed MSFM2 and the related

methods FMM1 and FMM2 on a coarse grid of size

41� 41� 41. It is clear that the proposed MSFM2 provides a

better high-curvature solution than the related methods.

Fig.8showsthecomputed3Darrival timesbytheproposed

method MSFM2 for different speed functions from one or

more source points. In Fig. 8a, the wave propagates with

F1 from the corner of the grid. In Fig. 8b, the wave propagates

with F1 from two different source points in the grid.

6.2 Convergence

A numerical method is said to be convergent if the

numerical solution approaches the exact solution as the

grid size h goes to 0. This section examines the convergence

of the proposed methods MSFM1 and MSFM2 under

different grid sizes in both 2D and 3D spaces. The test

function represents a wave that propagates with a unit

speed from the corner of each grid.

Theoretically speaking, as the grid size becomes finer in

resolution, both MSFM1 and MSFM2 must converge to 1

and 2, respectively, because the former method approx-

imates the gradient by using a first-order scheme, whereas

the latter method uses a second-order scheme. Recall that

the numerical error is proportional to hp; then, p is the rate

of convergence, which can be computed practically as

p ¼ logðLi=Liþ1Þ
logðhi=hiþ1Þ

; ð57Þ
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Fig. 6. Isocontours of the exact solution (solid), the FMM2 (dashed dot), and the proposed MSFM2 (dashed) for a unit speed wave that propagates

from (a) one source point (51, 51) and (b) two source points at (51, 35) and (51, 67).

TABLE 6
Error Norms of the Computed T2 and T3 from the

Center of a Grid of Size 101� 101

TABLE 7
Error Norms of the Computed T1 and T4 from the

Center of a Grid of Size 56� 56



where Li is the error norm at grid size hi. It is obvious from
Tables 10 and 11 that the proposed methods in both 2D and
3D spaces converge to the optimal convergence rates as the
grid size becomes finer.

6.3 Computational Complexity

The worst case complexity of the proposed method is still

similar to that of the FMM, which isOðn lognÞ. However, the

computational time is higher. The computational complexity

can be reduced toOðnÞby implementing the narrow band as an

untidy priority queue [31].

In 2D space, the computational time is approximately

1-1.5 times higher than that of the FMM. However, in

3D space, the computational time is approximately three

times higher than the FMM. In 3D, each grid point xx has six

neighbor points that share a face (F-connected), 12 neighbor

points that share an edge (E-connected), and eight neighbor

points that share a vertex (V-connected). According to

the proposed stencils, S1 covers the F-connected points

(6-neighbors), Sw, w 2 ½1; 4� cover both the F-connected and

E-connected points (18-neighbors), and Sw,w 2 ½1; 6� cover the

entire 26-connected neighbors. To strike a balance between

high accuracy and less computational time (’ two times

higher than that of the FMM), the proposed methods in 3D

can be restricted to use the first four stencils, which cover its

18-connected neighbor points.

7 CONCLUSION

This paper introduces the MSFM method as a highly

accurate version of the original isotropic FMM for solving

the Eikonal equation in both 2D and 3D Cartesian domains.

At each grid point, the method solves the Eikonal equation

along several stencils that cover the entire nearest neighbors

of the point and then picks the solution that satisfies the

upwind condition. For those stencils that are not aligned

with the natural coordinate system, the Eikonal equation is

derived using directional derivatives and then solved using

higher order finite difference schemes. The computational

complexities of the proposed methods are Oðn lognÞ;
however, they can be reduced to OðnÞ by implementing

the narrow band as an untidy priority queue [31].

In the future, we intend to implement the proposed

methods in the graphical processing unit (GPU) of the

computer’s graphics card to alleviate its computational time.
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TABLE 8
Error Norms of the Computed T5 and T6 from the Center and the Corner of a Grid of Size 41� 41� 41

TABLE 9
Error Norms of the Computed Arrival Time of a Unit Speed

Wave that Propagates from the Center of 2D (101 � 101) and
3D ð41� 41� 41Þ Anisotropic Grids

Fig. 7. Cross-sections in the arrival time field of a 3D unit speed wave
that propagates from the center of a coarse grid of size 41� 41� 41 by
using (a) FMM1, (b) FMM2, and (c) the proposed MSFM2. Notice that
the proposed MSFM2 provides a better high-curvature solution than the
related methods.

Fig. 8. Cross sections in the arrival time field of a 3D unit speed wave

that propagates by the proposed method MSFM2 from (a) a single

source point and (b) two source points.
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Convergence of the Proposed Methods in 2D Space

T1 is computed from the corner of the grid. The parameter pp denotes the order of convergence.
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[32] M.S. Hassouna and A.A. Farag, “Accurate Tracking of Mono-
tonically Advancing Fronts,” Proc. IEEE Conf. Computer Vision and
Pattern Recognition, pp. 355-362, June 17–22, 2006.

[33] J. Tsitsiklis, “Efficient Algorithms for Globally Optimal Trajec-
tories,” IEEE Trans. Automatic Control, vol. 40, no. 9, pp. 1528-1538,
1995.

[34] J.A. Sethian and A. Vladimirsky, “Ordered Upwind Methods for
Static Hamilton-Jacobi Equations: Theory and Algorithms,” SIAM
J. Numerical Analysis, vol. 41, no. 1, pp. 325-363, 2003.

[35] S. Godunov, “Finite Difference Method for Numerical Computa-
tion of Discontinuous Solutions of the Equations of Fluid
Dynamics,” Matematicheskii Sbornik, pp. 47-271, 1959, translated
from Russian by I. Bohachevsky.

[36] H. Zhao, “Fast Sweeping Method for Eikonal Equations,” Math.
Computation, vol. 74, pp. 603-627, 2004.

[37] E.W. Dijkstra, “A Note on Two Problems in Connection with
Graphs,” Numerische Mathematik, vol. 1, pp. 269-271, 1959.

[38] S. Chen, B. Merriman, S. Osher, and P. Smereka, “A Simple Level
Set Method for Solving Stefan Problem,” J. Computational Physics,
vol. 138, no. 1, pp. 8-29, 1997.

[39] R. Kimmel and J. Sethian, “Computing Geodesic Paths on
Manifolds,” Proc. Nat’l Academy of Sciences, vol. 95, no. 15,
pp. 8431-8435, 1998.

[40] J. Qian, Y. Zhang, and H. Zhao, “A Fast Sweeping Method for
Static Convex Hamilton-Jacobi Equations,” UCLA CAM Report
06-37, 2002, to appear in J. Scientific Computing.

M. Sabry Hassouna received the BSc and MSc
degrees in electrical and computer engineering
from Ain Shams University, Egypt, in 1995 and
1999, respectively. In 2006, he received the PhD
degree in medical imaging from the Computer
Vision and Image Processing Laboratory (CVIP
Lab), University of Louisville, Kentucky. In the
summer of 2006, he joined the research and
development group of Vital Images Inc., Minne-
sota. He is a regular reviewer of a number of

technical journals and conferences, including the IEEE Transactions on
Medical Imaging, IEEE Transactions on Image Processing, and
MICCAI. He is the inventor of fly-over, a new technology for virtual
colonoscopy. His current research interests include computer vision,
pattern recognition, and computer graphics with primary application to
medical imaging, in which he has authored more than 20 technical
articles. He was awarded the Outstanding ECE Graduate Student and
the Dean’s Citation Awards from the University of Louisville, the
Excellence in Visualization Award from Silicon Graphics, and the Best
Innovation Award on how to invest six billion on technology from
Microsoft. He was the recipient of Research Louisville Award in medical
imaging in 2003 and 2005. He is a member of the IEEE.

Aly A. Farag received the bachelor degree from
Cairo University, Egypt and the PhD degree
from Purdue University in electrical engineering.
He joined the University of Louisville in August
1990, where he is currently a professor of
electrical and computer engineering. At the
University of Louisville, Dr. Farag founded the
Computer Vision and Image Processing Labora-
tory (CVIP Lab) which focuses on imaging
science, computer vision and biomedical ima-

ging. Dr. Farag main research focus is 3D object reconstruction from
multimodality imaging, and applications of statistical and variational
methods for object segmentation and registration. He has authored or
coauthored more than 250 technical papers in the field of image
understanding, and coedited two volumes on Deformable Models for
Biomedical Applications (Springer-Verlag 2007). He has applied his
image understanding work to a number of industrial and biomedical
applications including smart robotics, 3D reconstruction of the human
jaw from video imaging, biomedical visualization, and in computer-
assisted early detection of lung and colon cancer. He holds a number of
patents in these applications. Dr. Farag was an associate editor of the
IEEE Transactions on Image Processing. He is a regular reviewer for
the US National Science Foundation and the US National Institutes of
Health, and various technical journals and international conferences. He
is a senior member of the IEEE and SME.

. For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.

12 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 29, NO. 9, SEPTEMBER 2007


